32

BECTHUK 5VPATCKOIQ roCY JIAPCTBEHHOIO YHUBEPCUTETA

2007/6

B.B. Kubupees
Poccun, Yaan-Yo3, Bypamcxui cocydapemeennvtit ynusepcumem

apmonnveckne yHKIUHHA U TeOPHI NOTEHI[HANA

B cratee paceMarTpuBaeTcs CBA3bL TAPMOHUYECKHX QyHKIHME ¢ TOTEHLMANOM pacpeAeneHHsI Mace B HEKOTO-
poii 06aCTH TPEXMEPHOTrO NPOCTPAHCTRA. JIOKA3aHE! jBE TEOpEMbI ¢ TOM, YTO SCITH TNIOTHOCTh Mace OrpaHHye-
HA U MHTErpUpYeMa B 0ONMACTH, TO NOTEHUMAN # €70 NepBhle NPOH3BOAHLIE PABHOMEPHO HEMpephIBHbL, a TAKKE
€CIH NAOTHOCTL NOTEHLIHANA YAOBAeTBOPAeT ycnoBuo [ennaepa, To 3TOT NOTEHIHAN YROBNETBOPAET YPABHE-

Hmo Tlyaccona.

V.V. Kibirev

Harmonic functions and the potential’s theory

B obnactu D ¢ rpanuueii I' npocrpancTsa
R" nepeMeHMBIX Xy,..., X, PACCMOTPUM (YHK-

umo Ufxy, ..., 2,)=U(X) Toukn X = (xy,... .. ,
Xy KuddepeHumaneroe ypaBHeHHE
L] 2
A=Y =0 (1)
kml OXy

HalbiBaeTcA ypasHenuem Jlamnaca, a ero pe-
e - rapMoHMdeckuMy PyHkmmamu. Co-
OTBETCTBYIOIIEE HEOOHOPOAHOS YPABHEHHE,
l(oropoe OymeM nucaTh B BUIE

Au=-w,u(X), (2)
rae o, =2(J;)' [I’(n/Z)]_ — mAOWIagb €AM-

Hu4HOM cdepnl mpocTpaHeTBa R”, €cTh ypas-
nense Ilyaccona, npuuem u(X} — 3apaHBas
byHKurs Touku XeD. Ecnau obaacte D orpa-
HUYeHa, TO oOnagaioulee HeNpepuIBHBIMU
BTOPLIMH MPOM3BOAHEIMU B D pelicHHe ypae-
HeHun Jlannaca cuMTaeTcs perynapHo# rap-
MOHHUEeCKOH (yHKLMEH. AHaNOTHYHO, echH
M(X) HenpepbieHa B D, TO peluenne ypasHe-
nua [lyaccoHa ¢ HenpepBIBHEIMH BTOPBIMH
NPOM3BOAHEIMH HA3BIBAETCA PEryIspHEIM B ).

Myers n=3, a flw,) — aHanuTndecKas
PyHKUMS KOMTIIEKCHOTO nepeMeHHoro w. He-
NOCPeACTBEHHON NMOACTAHOBKOH B ypaBHEHHE
Jlannaca HeTpyaHO NPOBEpUTH, uTO GYHKUMA
u=flz+ ix cos t + iy sin t, {) npu mobGom
YAOBNETBOPACT ITOMY YPABHEHMIO, 4 OTCHOAA

CICOYET, UTO NpH mMoOEIX (bﬂKCHpOBaHHle aH
b

L]
u(x,y,z)= jf(z + ixcost + iysint, t}dr (3)

AB/IKETCA pelueHHeM ypasHeHus Jlannaca. Ec-
7K B 3TCH (popmyne HONOKAM

ftw,ty=w" exp imt, a= —n b=n,
TO TONYYMM ORHOPOIAHBIN TapMOHHYECKHH
rofusoM u(x,y,z} =

k4
= I(z +1X ¢os t + iy sin t)" exp inudt,
-1
KOTOPEIH B CgepHYEcKHX KOOpPAWHATAX X=F
sin @ cos o, y =r sin @ sing, z=r cos 6 npuHA-
MaeT BHA

J=20 f(cos& +isin@cost)" x

X COS mtdl
rae Pl (cos®) — npucoennHenHsie GyHKUMH
Nexanapa

P (cos8)=(-1)"

=r"P7(cos@)expimg,

xF(m—n,m+n+};m+ l;(l—cos(&‘)!Z).

3nech F(a, £ y s} — ThnepreoMeTpHyeckas
ynxuus Faycea, xotopas npn m < p npe-
BpalacTcs B NOANHOM [2].

B chepuueckux KoopauHatax npH =3
onepatop Jlannaca

A= ! [;(ru sm(v’)

rsin@
+%(u€ sind@)+ %(u@, /sin 6’)]

[yets ufx, y, z) - perynspHas B OrpaHu-
YeHHOH 00JacTH rapMOHUYECKas (DyHKUHUA,
PACcCMOTPUM YHKLIHIO

v(.x,y,z):r“u(xirz,y;’rz,zfrz),
rP=xt+yt 2
Ona onpenacniena B obnactu D', noay4aio-
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meica u3 obnactn D MHBEpCHEH oTHOCHTENR-
HO eAMHWuYHOH chepbt S:fx° + ¥y + 22 = 1},
HenocpeacTBEHHBIM NOACHETOM [IPOBEPACTCA
COOTHOLIEHHE
T @ .
F’S — —(rzv, 511 9) =
r sinf
1 @
(p u sm6‘)
p osing op

rae p=r . Vi3 510r0 paBEHCTBA W BUIA ONEpa-
Topa Jlanjgaca B cpepHYECKMX koOpAMHATAX
cnenyeT, uTo GyHKuAA VX, ¥, Z} rapMOHHYHA
B0 BCEX KOHEUHBIXx Toukax obmactu D’. B
npoctpaHcTee R”, n>3, Hapady ¢ dynKumei
u(Xy, ..., Xn) TAPMOHMYHA yHKUMY

V(XL o X ) = P ux i L xP), (4)
YTO MOXKHO NPOBEPUTE MOACTAHOBKOH B ypas-
HEHHE.

[Tycte rapmonuveckas dyHKuus u pery-
nspHa B orpanuyennolt obnacth D. Bosbmem
HEKOTOPYIO BHYTPEHHIOH TOUKY obnactd D 1
OCYIIECTBHM HHBEPCHIO OTHOCHMTENBHO edu-
HIYHOIT ceprl ¢ HEHTPOM B 3TOi Touke, Oe3
OTpaHHUYEHHs OOIHOCTH CYMTAy 3TY TOUKY
Hauanom xoopauHar. Obnacte D nepexoaut
npu 5TOM B obnacte ', nexailyo B0 BHetl-
noctH 00pasa I, rpanuttel I' ofnacru D. Tap-
MOHHMYECKYIO QYHKLMIO v, KOTOPag nonyyaet-
¢q u3 u no popmyne (4), 6yaem uazeiBath pe-
rynsptoit B obnactu D’ CnenosatensHo, pe-
ryJEPHOCTE rapMoHUueckold Gyuxuun B 00~
nacti D, npoctuparoineifics 40 GecKOHEUHO-
CTH, ONPEAeNUM TaK: MpPH TOMOIUH HHBEPCUU
OTHOCUTENbHO Cephl ¢ LIEHTPOM BO BHEUIHEH
it D Touke obracte D nepeBofumM B OTpanu-
yeHHyto obaacte D'. I'apMoHndeckas ¢yHk-
1MA U Ha3eiBaeTca peryiaspHoi B D, ecam co-
oTseTcTBYIOWAs eif QyHKUME vV peryaiapHa B
D' B uactHocTH, ecnu D coaepxut HekoTo-
pYI0 OKpPECTHOCTH DECKOHEYHO yAalneHHOMH
TOYKH, @ ¥ TaKOBa, uTo v peryidpua e D', tou
HA3LIBAETCS perynspHoii B OeckoneunocTu. B
CHAY 3TOTO OMpeAcnenns ApU n23 rapMoHn-
yeckas GyHKUMA u(X;, ..., Xp ) =Const HE pery-
nspHa Ha BECKOHEYHOCTH.

Halinem pewenus ypasueHua Jlannaca

@(r), 3aBUCSLINE TONBKO OT r = x7 +.. .+ x .

HenmocpeACTREHHEIM [OACUETOM W3 YypaBHe-
nust Jlannaca nonyuaem aaa @ (1)

o +(n-1)r"¢' =0,
ofmiee pelieHHe KOTOPOrO  yMeeT  BHJ
or)=Cpinr+Cy, n=2, pr)=Cp*" + C;, n23,

rae C; v Cy — npoM3BONbLHBIE MOCTOAHHBIL,
Paccmotpum dynxunn

—_ l i-n
}’(?‘) “———m(n_z)w"r s

1.1 . ?
y(r)aln-;, n=2 r=Y(x-&).

k=1

3TV QYHKUMH 1npH F=( UMEIOT TAK Ha3bl-
BAEMYIO XapaKTEPUCTHUECKYIO 0COOEHHOCTD.
Jhoboe peusenue ypaBHenns Jlannaca, zagan-
Hoe B obaacTk D:

WXt s Xny &1, &) = AP W,

rae E=(&;, ..., & ) BHyTpeunss Touka obnac-
™™ D, a w — peryidphas s obnacti D rapMo-
HHyeckas (yHKLHS, HazuBaeTCs (PyHAAMEH-
TabHBIM PEUICHHEM C OCOGEHHOCTBIO B TOUKE

nz3,

HetpyaHo nocTpouts pelseHue c XapaxTte-
pHcTHdeckol ocobeHHocThIO H AN Gonee 06-
wero yparnenns Au+cu=0, rae ¢ — HEKOTOpas
nocroanHas. Jlas perenuit RUaa

2 2
=f//(?'), r 32(-"} “‘fk) s
k=l
3TOTO YpaBHEHHS TENeph NoNydaem
n—1 |,
v+ ——y ey =0,
¥
a B pesyjwTare
=re.y(r)= r'{"‘mqo(r\/.;) MPUXOMHM K
ypasuenuto beccens [3]:
2
n-2Y 1
@ +— 4,19 +i1- —
2p
Hcxomoe pelileHue ¢ xapakTepHcTHIECKOH
OCOGEHHOCTBIO  ABNAETCS  HEOTPAHHYEHHbIM
npu p = 0 pEIICHHEM ITOr0 YPaBHEHUA U MMe-
€T B1A,

3aMCHbBE NEPEMCHHEIX

=0

a2
wir)=r? J—-;(n-Z)

(rJE), n=2k +1,

--I—(n—2]

w{r)=r* N,

(r\/g), n=2k.
E("‘Z)
3neck J, — hyukuus beccena, N, - pyHKums
Hehimana:

Zk

J (Z)_—zi Z( ) m
N A{z)=2J,(z)[m 212+ C]-
(¢- k—i)r [\

» 2) -
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(2) fri%h

e

gkv((k?e)'[ )W {2 m ; ”’]

rac £+1 — narypanashoe uncno, a C — nocro-
AHHas Dinepa.

[ipp »=3 dysaaMeHTATBHOE pELUCHHE
ypaBHeHHA Jlannaca moxHo B34TH B BUAe 1/4
nr. @H3nyeckn GyHKIMs

-1 2 2 2
P=[lg) # () +(:-¢)']
ABNACTCA rPAaBUTALMOHHEIM  NOTCHLMAJIOM,
KOTOpEBHi cozpaeTcd B Touxke P= (x,),z) enn-
HUYMHOH Macco, cocpeaoToueHRol B Touke (O
= (&n.
Tycre u(én.¢) — dyHKUMA, 3a1aHHas B 00-
nactu D, Minterpan

u(x,.2)= IM dednds  (5)
o
HAa3bIBACTCS! TOTEHLIMANOM NPOCTPAHCTREHHO-
ro pacnpeaeneHus Macc ¢ MNAOTHOCTLIO [ B
obnactu D. B ofmemM cnydae uHTerpan

w(X)= [1(Q)r(r)ds dé,,  (5a)

X = (x;, erry xn)a Q = (F;I ---gl‘l])s
"
£= 2 (3 -4&),
R=I

TAKXKe Ha3bpiBaeTcd IOTEHLMWAIOM pacnpeje-
NeHus mace B 00nactu D ¢ nnothocTsio . Ec-
1Y TOYKa X AEXHT BO BHeIliHOCTH obnactu D,
TO MOTEHHHANA #(X) B 3TOH TOUKE ABIACTCA
rapMoHuueckoii pyHxiMeil. 3To nerko noxa-
3aTh, AUGPdepeHIMpYA MO 3HAKOM UHTErpana.
Ecnu ke XeD u p uMeeT HenpepeiBHBIE TPO-
M3BOJHEIE, TO noTeHuHan (5a) yAoBneTBOPA-
eT ypasHeHwro Ilyaccona Au = —u(X}. bonee
noApobHO PpaccMOTPHM TONBKO CiTyHai n=3.

Teopema 1. Ecau nromuocme p(X) 8 (3)
ozpanunena u unmezpupyema 6 obaacmu D,
mo nomenyuar (3) u €20 nepsvie nNPOU3LOONHLIE
PABHOMEDHO HENPEPBIGHBL, HPU “eM 2Mu npo-
U3BOOHbBIe MOJNCHO GbINuCAMb Oudeperiyi-
POBAHUEM NOO 3HAKOM UHMEZPana.

HNokasatenscteo. Paccmorpum dyHk-
UM

us (x,y.2)= [u(&,m.¢) 1, (r) dédndg,

fs(r} — BcriomMoraresnbHas  NONOXKUTENbHAs
dyakumsa, coBnagaroilias ¢ 1/F npur 29, T.€.

-1¢2

2 2
1, r) { (3 r fé‘) r<d.
L 1/r, r>9.
Hmeer MecTO HEpaBeHCTBO
Jus - uf =
| wlend)[f()
2%

<M [ f;0)+r7 Pednd¢ =

L)

—r |ddnd¢ <

&
I8
=daM rY+r Wrdr=—1M85%,
6[[];() Jdr =

rae M — makcumym |, a 2(6) — wap r<g U3
3TOr0 HEepaBEHCTBA ClAENyeT, 4yTo npH 6—0
NOCNICAOBATENBHCTL %5 PABHOMEPHO CXOAMTCS
K NOTEHLMANY # W ¥ PABHOMEPHO HENpepbigeH
B D.

H3  mudpdepeHumpyemocty dyHKLUY
fi(ry=g(x—¢&,y-n.2-¢) Bhekaer aud-
(hepeHHPYEMOCTD u;, MPUYEM

Ju b3,
= =£ﬂ(§,mé)5;)%(r)d§dnd€-

PaccMOTPUM CXOOAWMIACE MRTErpan
w(x,7,7) =

- jp(f,n,:)é%[%]dfdnde“,

KOTOpbIH monyuaetcs dopManeHeim  Audde-
pPEHLHUPOBAHHEM BLIPAXKEHUA TIOA 3HAKOM
wHTerpana (5). Umeem

(6)

aug-w—-
= J wlend)| 2 -2 |azanac.
G ox

\OTK)’JI& CHeRYCT HEPABEHCTBO

— .~ W =
ax °
o
<4nM -——j;(:~)+r'2 dr =57MS5.
suidx
OTO RHAYHUT, YTO MOCJAEAOBATEBLHOCTD

aug PABHOMEPHO CXOAUTCA K W, NOITOMY
W = Uy B W PaBHOMEPHO HENpPEPHIBHA.

Onpenenenne 1. Qyurxyuio p 6ydem nazvir-
samv Henpepwrenolt, no Iexnvoepy, ¢ obnacmu
D ¢ noxazamenem ¢, 0 < a <1, u ¢ ko3¢p¢u-
yuenmom K, ecau oas no6oit napor movex P u
Q obnacmu D cnpaeedaugo nepasencmso
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lu(P)- (@) = k[ 2(P.0Q)] .
20e L(P,()) — paccmoanue mexcoy moukamu P
Q.

HepapencTBO B 5TOM OrnipeacieHHU Ha3bl-
gacTCA ycioBHeM [enbiepa, a o PyHKUMH §
HHOFAA TOBOPAT, 4TO OHa YAOBNETBOPAET YC-
nosuto I'enbvaepa.

Teopema 2. Ecau nmnomnocms  i(X) no-
menyuana (3) yooehemaopsem yenoauio I eno-
depa ¢ obpacmu D, mo smom  nomenyuan
uMeem HenpepulGHbIe BIMOPbIE NPOU3BOOHbBIE
u yoosaemeopsiem ypaenenuio flyaccona

Au=—dmyu.

Jloka3aTeNlbCTBO MpoBeAeM RJIA CRHY-
4ast, KOr/a NAOTHOCTE U(X) HelpephiBHO AHG-
dpepeHuupyema. [lpn TakoMm MpeanonoxKeHUU
B hopMyne (6) MOXKHO TIPORHTETPHPOBATL HO
Yactam, HMeem

= ju(g,n,q);f;[%]dfdndg’:
8 {1

1 -
= [u, —dddndg - f#r nds3,
n I

tae dS — IneMeHT Towany rpanuuet I ob-
nacTH D, a vy ~ KOCUHYC YTNIa MEXAY BHELIHEH
HopManeio X I w oceto O B paBeHcTBe Ana
¥, MOXHC AM(pdepeHUHpOBaTh BLIPAKEHHE
[0/ 3HAKOM MHTErpasa B cuily Tex ke oberos-
TeJbCTB, YTO W B JOKA3ATENbLCTBE TEOPEMBL 1.
[locne nucbcbepenuuposaum NoAYy4HM

u,(P)=- J’,u [--Jvds:r
*Jue o (dedr?df:

Tax kak Touxa P=(x, ¥, Z) HE 3aBUCUT OT TOU-

(M

xu Q=(&n,0), —g,u(P)zO, NOCNEAHHH HHTE-.

rpai B (7) MOXKHO 3alHcaTh TaK:
0 ol
= gg[ﬂ(Q)*#(P)]“é;[;defd’?dg-

H3-3a 70710, 4TO PYHKLHA
Q) = Q) —(P)
B TOMKE P HMeeT HyJb NepBOro rnopspka, B
ApEABIAYLIEM HHTEPAIC MOXKHO OCYILECTBHTD
HHTEPUPOBAHME N0 YACTAM, B Pe3yIbTaTe Ye-
ro HaXoaUM
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= (o))} [\vds-
- [Lu(0)- o 2 [ ]ds’d d.

nOL[CTaBI/IB 3T0 Boipakenwe ana J B (7) u
BOCMO/bL30BABLINCH PABEHCTBOM

82 — _a._z,r_l
DEDx a7
npusegeM (7) kK Buny

(P =u() | a%(%},a&
+J[#(Q)-#(P)]§;[;I-Jd§dod§ :

ARanoruyHsie GopMynsl NOAYYAIOTCA M A
Uy, Uz

,, = wu(P)J é—[%)vzdS N
+[lu(0) -#(P)]a—:[le'fd??dC,
. (P)=-1(P)][ ( ]v3d5+
+[luce) —ﬂ(P)jy(;]dgdm,

rie v; ¥ vz — KOCHHYChI YIJIOB, COCTABNEHHBIX
BHelIHe# HopManblo K I ¢ ocamu On 1 Of co-
OTBETCTBEHHO.

H3 popmyn (8) v (9) cnenyeT Henpepis-
HOCTE BTOPBIX MPOH3BOAHLIX (PyHKUMU u M
PaBEHCTBO

a1
Au= —ﬂlj‘l:'é;(;'}v] +
ol a1
+~—{;)v2 + a(;)v{‘dS =47,

[lpu NOMOINH dbopmynbl [Naycca—~
Ocrporpaackoro [2] 8 cuay rapMOHHYHOCTH

' BHIYKMCIEHHE ITOTO WHTErpala MOXKHO CBe-
CTH K BBIYHCICHUIO aHANOTHYHOIO HHTErpana
no chepe L{P, () = 5, a 3TOT NOCHAEAHNA UHTE-
rpan ebtaucnsetca sewol 1],{4],(5].

)

)
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