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MEXHOAQSUYCCKHI YHUBEPCHUMEM

00 oanoi KpaeBoif 3agave A9 HEKOTOPHIX YPaBHeHHH
CMEIAHHO-COCTABHOr0 THHA 4-ro Nopsiaka

B JmueliHo¥ MOCTAHOBKE 33[a4M ANA YpaBHEHHA 4-TO TIOPHAKE HCMONIBIYIOTCS ABA PASHBIX OREpaTopa 2-ro
NOPALKA, AHAAOTHYHEIE CMELAHHOMY ONEPATOPY TEIUIONPOBOAHOCTH, 0GoGmatomeMy YACTO rvnepGommeckuii
cny4all ¥ MPHAMEHAEMOr0 NPH MATEMATHYECKOM MOISIMPOBAHUM MPOUECca OTKMIYEHHA ANEKTPHISCKOH AYTH.
JokazaHa TakKe paspellHMOCTb NOCTABACHHOM 33Aa4H U B KBa3sWIRHETHOM CITyyae.

© V.N. Khankhasaev

About the boundary value problem for some fourth-order
partial equations of a mixed-composite type

Two different second-order partial operators are used in linear statement of the boundary value problem for
fourth-order partial equation and are similar to the heat-transfer operator of a mixed type which is generalize
strongly hyperbolic case and is used in mathematical modeling of the electric arc interrupted process. Also it
proved solvability of the posed boundary value problem in the quasilinear case.

B pabGotax [1-2] paccMmaTpHpanuch MaTe-
MaTHYecKie MOAENM PA3HOTO YPOBHS CHONK-
HOCTH [T MNIEKTPUUYECKON KYrH, OCTHIBAIOLLEH
B MOTOKe rasa. buine nokazaHo, 4to eciu npo-
uecchl B 0072aCTH AMIUVIMTYAB! TOKa OOBLIUHO
NpeICTaBNAIOT KaK YCTAHOBHBLUMECH, XOPOLIO
OTIMCHIBAEMHEE  KNACCHYECKHWM  YpaBHEHHEM
TENAONPORONHOCTH NapabOIHUCCKOro  THIA,
TO HHTEHCHBHOE AYFOTalicHHe B o0nacTH Hy-
n% TOka HeoOX0AMMO paccMaTpuBaTh Kax cy-
HIECTBEHHO HecTauHoHapHuiH nipouece. [ns
H3YHCHHA TAKHX MPOLECCOB Ha ocHope 0600-
WeHUa runotesst Pypee BROAHIOCH runepbo-
NMHMHYECKOE  YPABHEHME  TEMNONPOBOAHOCTH,
pamTduHBIe Kpaesble 3afaud A KOTOPOro
perianvch KakK YMCIEHHO, T&K W aHanurHue-
cku. K atoft npobneMe NPHMBIKALT TaK#Ke Mo-
JEMPOBAHUE BOJIHOBOTO MEXAaHM3Ma TENjo-
nepeHoca, o0yCcNOBREHHOTO KOHEUHOH CKOpo-
CTHIO PACTIPOCTPAHEHHS TernIa.

Ceg3biRass Teneps 3T AB¢ a3kl FOpeHHS
EKTPHYECKOH AyrH, HeoOXOAUMO paceMoT-
PeTh ypaBHEHHE TEMNONPOBOAHOCTH CMEMIAH-
HOrO Tuma, rae kxo3dduuueHT npu BTOpOi
MPOM3BOAHON N0 BPEMEHH MOKET MEHSTh
cBo#f 3HaK MM BOOOLIE BHIPOKIATBLCS, & TAKKE
HPHBOJNTE TIOCTRHOBKH H HCCRCAOBATH KOP-
PEKTHOCTb NpsIMBIX KM OOpaTHBIX 3axay jUis
TAKHX MATEMATHYECKUX MOASTEH,

Hapsoy ¢ MHOPOYMCIEHHBIMH METOAAMH
PEUICHMS KpaeBBIX 3a1a4 AAA  PasAHYHBIX
ypagHeHuH 2-ro mopsagka Kju=h MOXHO HC-
noNb30BaTh U npeanoxeHusil [0.A, ybun-
CKHM M0AX0J, KOTAa ¢ ypapHenHeM K, u=h,
KoTOpoe B OOWEM Clydae HEepaspeluMMo s
NpoKH3BONLHON MpaBOH YacTH h, CBA3LIBAETCS
HekoTopoe  ypapHeHMe  4-ro  nopsaxa
KK u=Ksh, xoTopoe yxe pa3peiunMo Bceria.
Torga HCXOAHOE YpPaBHEHUE paspPEIUMO ¢
TOYHOCTHIO IO Adpa oneparopa K;. DTa kon-
CTPYKUMSA MOXET UCTTONb30BATHCA W Kak npd-
eM OnHcaHua obnacTy 3HaYEeHHH oneparopa
K; u, cOOTBETCTBYIOLLETC HEKOPPEKTHOH 3a-
jaue.

B atoii paGote Gynyr paccMOTpeHBI KOp-
PEKTHO-TIOCTABMEHHEE KPAaeBble 3a0ayn 8 Or-
parudeHHON obnacTH AnNg Takux HEKO3pUH-
TUBHEIX YPaBHEHWHA UETBEPTOro MOpAlKa
CMELIARHO-COCTaBHOTO THMA, ANMA  KOTOpbIX
YAANOCh AOKA3aTh Pa3pelMMOCTh B HEKOTO-
pPBIX BECOBBIX NPOCTPAHCTBAX, HECMOTPS HA
CYMEPHOZULMIO Pa3HLIX ONEPATOPOE.

1, Jluneiinag nocranoBka
PaccMmoTphM B 0GnacTH
D ={(x,1):0<x<], 0<y<l}
aubdepeHIHANEHOS YPABHEHHE B YaCTHHIX
NPOH3BOAHKIX 4-ro NOPsAAKA
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Lu=K K, u=f(xy), 1

rae anpepeHunanbHble onepatopel K; # u
K; u uMeror Bua:

Klusk](x,y) uyy " +a1(x,y)uy+
e (xy)yu=f(x), @

Ku Ekz(x,y) u_ +uyy +az(x,y) u

+c2(x’y)u:f2(xsy)s (3)

¢ ROCTaTOMHO FIAAKUMH Kod(dunueHTaMu,
YAOBACTBOPSICINMU YCROBUSM:

k(x1)20, k(x0)0, xe[01]; 4)
(2a,ky, }(x.v)>0, (2a2-—lk2x|)(x,y)>0,
(x.v)eD: (5)
k(Ly)=0, ,(0,y)<0, ye[o,l]; (6)
(%) e, (x3) (%3 ) ¢y (%510,

(x,y)eD. N

Tak kak Ha 3Hakn PyHKLH k; W &; BHYTPR
obnacrm D He caenano HUKaKHX Npejnono-
KeHuh, TO B Kiracchl ypasHeHui Bufa (2) u (3)
BXOAMT 4acTh NapaboNHuecKHX, 3IUIMNTHKO-
napabonuueckux H ANITUIITHKO-
runepBonMueckyX ypaBHEHHI € TNPOM3BONDL-
HbIMH JIHHHSIMH M o0nacTamu napabonuue-
CKOTO BBIPOMISHHSA, & TaKkKe OMUCAHHbLA BO
BBEACHHH OMEpaTop TEIVIONPOBOAHOCTH CME-
WAHHOTO THIIA, AHAJOT KOTOPOro MpHBOANTCA
B pabote [3].

PaccmaTtpusas Tenepb ypaBHeHHE (1), MLl
BUAMM, YTO OHO OXBATHIBAET IUMPOKHH Kiacc
ypaeHerHi cMelaHHo-cocTaBHOro Tuna. Tak,
HANPHMEP, CiOAa BXOAAT YPABHEHUS C JIUHYS-
MH BBIPOXKIEHHA, Acnsnmmu obnacts D Ha
HECKOJIBKO HacTei, B KOTOopbiX ypapHeHue (1)
ABNAETCA THOO IMNNUNTHYECKNM, MO0 coCTaB-
HbIM, TO €CThH MMENILIHMM ABE MHHMMbIE W ABE
JCHCTBHTENbHBIE XapaKTEPHCTHKH, H  AudO
YHCTO FHNEPOOTHUECKHM.

B cBa2u ¢ maBecTHOH cUMMETpUeH Mexay
Ky u K>, a raoke ¢ NPOH3BOALHOCTBIO JIHHMH
BHPOMCICHUS  €CTECTBEHHO  UCCJENOBAHHE
ypasHenus (1) B keagpare D, I[lycte v = (v,
v,J - BEKTOp BHYTpeHHeH HopManu B D, a I,
Iy, I3, Iy — cTopoHpl D), COOTBETCTBEHHO,
(x=0), (y=1), x=1), (y=0).

Kpaepan 3anaua A. Haimu pewenue
ypaeuerua (1) 8 obnacmu D maxoe, wmo

u[f‘zuf‘,uf‘, =0, u, [ =0
K| =0,u, |, =0.

W | 5
Kpaesan 3azava B(C). Haimu pewenue
ypasuenua (2),(3) 6 obracmu D maxoe, ymo

ul"-U"sz'a:O’ (”lf';Uf';Ur'FO)- )

3amMeTHM, YTO KpaeBas 3agava C ssnsercs
HACTHbIM ClyYaeM 3aavH B nocne cooTBeTCT-
BYIOUIEH 3aMEHB! NEPEMEHHBIX, M 3HAYUT B
CNEAYIOINEH NEMME MHAEKCH NMPH KOIPPULH-
eHTax B (2),(3) MOXKHO ONyCTHTL, UMEN B BHAY
Kpaesylo 3anauy B (1ng 3agadn C J0CTaTOMHO
MOMEHATE NMEPEMEHHBIC H COOTBETCTBYIOLIHE
HHASKCHI).

Jlemma L.

8

Hns moboti  pynxyuu
u(x,y) € C¥(D), yooeremsopsioweii (9), ume-
em Mecmo anpuopHas oyenxa

e

(10}
e0e |- wopma e LDy, |||, - nopua e

02 O “u“],

W (D); 30ecy u Oanee uepes a Gydem obo-
SHANAML  HEKOMOPLIE NONONCUMERLIBIE NO-
CMOSHRBIC, He 3aeucsujue om (Qynxyut, 6xo-
ORUUX 8 COOMBEMCMBYIOU{UE HEPARCHCNEA.

Hoxasamenvemeo. ViurerpuposanieM no
QACTAM TONYHAEM:

2 ID e*"uyKudD =2(ku,, +u, +au, +cu, e"'uy) =
= [ {[Qa—k,) - 4k)a} + A -
~(c, + Acyu’} e dD +

gty 2, 2 Ay
+L_{ kv, —2uuyv +uyy, —cuv, je”dl.

™y

B cuny (4),(6),(7),(9) nurerpan no rpaHuLe
HeOTPHLATENEH, 2 13 (5) npH XOCTATOYHO Ma-
ALX A>0 u o cnenyer, YTO
((Qa~k)) - Ak)x,y)26 >0, (x,y)eD.

[Ipumensa Teneph HepaseHcTBa KowWH H
DOpuapuxca, noayyaem sckomyro ouerky (10).
H3 nemMbl 1, B 4aCTHOCTH, CASAYET, 4TO pery-
NApHeIE peLieHUs kpacebix 3agad B n C ¢auH-
CTBEHHEL.

Onpeneaenne 1.

Oyuxyure  u(x,y)e W (D) 6Oydem nase-
sampb crabvv 0600wennbIM petdertem Kpae-
goti zaoawn A, ecnu  Onx  wobuix
v(x,y)e Cy (D) umeem mecmo moxcoecmso:

L), =(f V), - an
Onpeaenenue 2 Dynryuio
u(x,y)e W (D) Gydem nazwieamv nOAYCUtb-
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HBIM pewtenueM Kpaesou 3aoadu A, ecau cy-
wecmayem NOCREOOBAMENbHOCHb  (VHKYUN
(1) e WH(D), ydosnemeopsiouux (8), maxas,
ymo (Lu,ye L,(D) u
Uy _u”z - li_?l”l’u" _f”{) =0. (12)
Teopema 1. Jua  moboii  ¢hyux-
yuu  f(x,y)e L(D) cywecmeyvem craboe
obolugennoe pewentte Uu(x.y} Kpaeson 3aoayu
A, npuuem 8 cavuaax k,' r, >0 wiu kl} rn=0
npu yenosuu,  wmo
(2a,+k, )x,y)>0 ¢ D, cyugecmeyem u eOun-

lim
Ao

OOROTHUMENBHOM

CIMEEHHOE NONYCUNBLHOE petieiiue,

Hoxazameavcmeso. Ilpumenss «  ypasHe-
HHIO (2) METOA  «E - peryaapusauuuy
YPaBHEHHEM COCTABHOIO THNA 3-ro MopsaKa u
METOJ] BCIIOMOTaTEIbHOTO  OMepaTopa Mo
cxeme, u30keHHOH B pabote [4], nomyvaem,
4yTo  cymectByeT cnaboe  ofoGiueHHOE

peiienne v(x, y) e W, (D) kpaesoil 3agaum B,
ana mobeix  w{x,y)e Cy(D)
BBIMOJHEHO TOXAECTRO:
(V:K;w)o =(/f, L (13)
He TpyaHo BuzeTh, 4TO Tak Kak B K/acc
ypaBueHuH BuAa (2) BXOAAT DNAMATHKO-
napaGonnyecKde ypaBHEH:, TO Kak i B pabo-
Te [5] MOKHO 110CTPOUTE NIpHMep, 4To Ge3 no-
MONHUTENbHBIX OTPAHUMEHHH peuleHue 3aaa-
yu B, Boobuwe ropops, Gonblueld RaZKOCTH,
yeM u3 npocTpanctsa W, (D) uMmerts He Gyzer.
TloaTOMy B BBIAENEHHBIX Cy4asX, YKa3aHHBIX
B YCIIOBHH Te€opembl | NpH OONOAHMTEIBHOM
Npeanonokeruu, uto (2a +4k )x,p)>0 B

D, yaaerca mokazaTb Npd MOMOLUM METOHA
KOHEYHBIX pa3HOCTeH H WPOLOIDKEHUs ypaB-
"HeHnn (2) B obnacte D [4], yTo cymecTByetr

peryaspuoe pelnenue u(x,y)e W (D) xpae-
BOH 3amauw B ¢ npaeoi
fle,neW) (D), f I ;, =0, MpUYEM BBITOAHE-

YacTbiDd

Ha cAeAyIOIHas anOCTEPHOPHAA OLEHKa
Wl zald,. /] =0, @,>0. (14)
BeneactBue atoro, kpacsas 3apava C ¢
npasoii acToo wWx,y)e W, (D) umeer pery-

napwoe pewenve u(x,y)e W (D), ynosne-
TBOpPAIOLICE KpaeBbIM YCI0BHAM (9). Orcioma,
MHTErpUpYA MO HacTAM U uernonssys (13), Mbi
nonyunm {11), To ects ufx,y) - cnaboe 0600-
MIEHHOE pelCHUE 3a1aun A.

B BbiAgfeHHBIX XK€ Cy¥asx H3 CyLIEecTBO-
BAHUS PErYAAPHBIX PeLIeHHit U JeMmbl | cre-
aviot [3]) cyuiecTsoBaHHEe H E€AMHCTBEHHOCTH
CHNBLHOTO pemieHns v(x,y)e W, (D) kpaesoil

3agayd B gns oo dyHKOMAM
S y)e L, (D), TO €cTb CYWECTBYET MOCIE-

noBatTenbHOCTE  pyHKUMA v, (x,¥)e C*(D),
YAOBNETBOPAOIIHX (9), TAKUX UTO
limfy, ~v}, = lim|K,v, - f], = 0.

Orciofia, wMes  NOCAEACBATEAbHOCTH
byHrkuni (un(x,y)) n byHKUMIO u(X,y), pery-
nspHele pellienus Kpaesol 3ajaun C ¢ npa-
BbIMM 4acTsIMH (V,(X,y}} ¥ v(X,)} COOTBETCT-
BCHHO, MBI NOJy4aem MpPH MOMOIUM OLUEHKH
(14) coorHomenue (12), o3Hawawiuee, uTO
u(x,y)- NONYCUALHOE PCIICHHE 3aJavu A,
€AHHCTBEHHOCTb KOTOPOro CHENyeT no [10-
CTPOCHHIO, YTO 3aKaHYHBAET [OKA3aTeNbCTBO
teopemnl 1. ITo cxeme pabotkrt [6] MoxHe ao-
Ka3aTb CNEAYIOLUYIO NEMMY.

Jlemma 2.

Ilyems f,(x,y)e W, (D), f,
euro (3) dobasum ycnosua:

a) (2a2 + 3k, )(x, y) >0, (x,y) € B;

8) (2a,-3k, )(Ly}>0 ona yeM, 20e
M={ye[0,1]:k,, (Ly}>0}.

Toz2da pecynaproe pewenue u(x,y) xpaesou
3a0auu  C  npunaoredcum 8ecogomy Hpo-
cmpanemey W, (D), mo ecmb gueW (D),

;, = 0. K yero-

e0e gyuxyua ¢(x)=o0((1-x)’) & nexomopoi
oxpecmuocmu mouku x=1 u p(x)=1 ene ee .
Teopema 2.
Hyems f(x,y) € W;(JD\),f],1 =0 u evtnoa-

wenvt yeroeus: a), 6) u (2a, +k Xx,y)>0 &
D. Tocda npu k, ), >0 ww k y,=0, nory-

cunbnoe pewenue  ux.y) kpaesoi 3aoavu A
6yoem  npunaoaewamvb  HPOCMPAaHCMEY
W, (DYNW (D) u yoosaemeopsams kpaeesim
yerosuam (8) 8 cpeonem.

Hoxazamenvcmeo. Tpebyemaa rnaakocTb
NONYCHNIBHOTO PEIUEHHS MPSMO CICAYeT W3

JOKA3aTENbCTBA TeopeMbl | U YTBEPIKACHHS
femMmbl 2, a U3 reopeM Broxkenua Cobonesa

BHLITEKAET, UTO W(X,y) HEnpepwisHa B D H, Tak

Kak ut,.z ur, =0, TO

=0, |, =0, u, ;=0
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B cpeatem. Orcioaa, M3 BUIA YPaBHEHHA
(3) u xpaesoro ycnosus A3 €ro npapoii uac-

TH Kzul rur,ur, =0, JOCTHTAEMOTO M3 TEOpeM
1
BROMEHMs, Tak Kak KueW, (D), cnenmyer,

YTO  u,

=0 uxvl-‘"; =0, K,u|, =0 B cpen-

#eM. Teopema 2 pokazana.

3ameuanne 1.  Anaroccuunoim memodom
MONCHO ROKA3AMb, YMO HOAYCUNLHOC DEHLEHUE
kpaeeoli 3aoauu A npu coomeemcmsyiowux
OZPANKYEnUAX HA NPABYIO Hacmb U KoIPghu-
yuenmol ypaswenus (1) npunaonesxcum eeco-
80MY RpOCHPARCMEY BOREE BBICOKOU 2RAOKO-
cmu.

2. Heauneiinad HOCTAHOBKA
PaccmoTpum B

D={(x,y):0<x<l,0<y<l}

anpdepeHINANbHOS YPABHCHHE B YaCTHBIX

NPOM3BOAHLIX 4-ro Nopaaka
Lu=KKu+eKu=f(xy), (15)

rie anpdepenunaneusie onepatopel X, 4 X,

nmetoT Bua (2), (3) ¢ AOCTATOYHO ThajKUMU
Ko3pdunpHeHTaMH, YAOBAETBOPAIOLMMHA  YC-
noswsim (4) — (7), a onepatop K, — mpous-
BOSBHEIN HeauHelupl#  anddepernunansuniit
ONepaTop B HACTHBLIX NPOM3BOAHBX 1-ro no-
paKa ¢ NpOM3BOJILHOM CTENEHHOM HeNWHei-
HOCTHIO MO PYHKLMU H €€ NIPOUZBOAHBIM; & -
AOCTATOYHO MAJI0e YHCIIO, 3ABUCAILCE OT KO-
sdpuunerror oneparopos X, K,,K,. Takoro
BUNA YPaBHEHUS PACCMATPUBAIUCE, B YACTHO-
cTH, B paGoTe [7], HO YCIOBHS paspeulInMOCTH
ANA HRAX c¢GopMynMHpoBaHEl B TEPMHHAX KOM-
MAKTHOCTH YYACTEYIOIUMX B HHX ONEpaToOpoOB,
4YTO TPYAHO IPOBEPSIEMO, B OTIHUHE OT yKa-
3aHHBIX B AaHHOH pafoTe.

Kpaesan sagaua D. Haamu pewenue
ypasuenus (15) ¢ obracmu D, yooeremso-
piiowee kpaegeim yeroeusim (8).

Beeaem npocTpaHcTBO 1, KaK 3aMbiKaHHE

obnacth
HeuHEHHoe

knacca pyHKUMH M3 CY(D), YAOBIETBOPSHO-
UIHX KpacBuHiM ycnosuaAM (8), no Hopme
luf, =liK . U3 anpuapHoii ouenxy (10)
nemMel 1, HepaBeHcTRa PPUAPHXCA U KPAEBBIX
yenosuii (8) cmemyet, uto |u, - mekctsm-

Wy (D)

TeAbHO HOpMa, C MOMOWIBIO Ke MeMMBl 2,
TEOpEMb! 2 W TEOpPEM BROXKEHMI Jerko AOKa-
3aTh CREAYIOILYIO AEMMY.

Jemma 3. Jus moboit pynxyuu ulx,y)e H,

SbINONIHEHBL KPAEBbIe YCNogUA (8).
Onpepenense 3. Ouirywio ufx,y)e H,

bydem Hazeieamb HOAYCWIbHBLIM 000BUEHHBIM
pelenuenm xpaesott 3adauu D, ecnu cywecm-
ayem HOCAEO08AMENRLHOCHIL Pyrxyuin
(u,(xy)e H_, maxas, ymo
(Ku, (%) eCD),  (Lux,y)el(D) u
fim [| 1, [, = lim || Lz, = £ [l,= 0 .

Jlemma 4. [na dyuaxyuu
u(x,y} e C'(D), yoosremsopsiowei (8), umeem
MECIO anPUOPHAA OYEHK]

| Lullyz ey Jfull, - (16)

JokazaTtenncTBo. HHTErpHpoBanyeM o
4acTAM, HCHAOAb3YA CXeMy JAOKa3aTeNbCTBa
aeMmH 1, HepasencTBo FOHra u xpaesbte yc-
nosusa (8), npu AoCTAaTOMHO MaNbIX £>0 M
A >0 nmosnyyaem:

(L“s(Kzu)yely) 2a,|lKu ”12 -

noboli

a 1]
Kl =Bl pep <o

rae ple)<{aa,)/2 n 3HAYEHHE a, onpene-
NASTCA U3 CEPUM HEPABEHCTE

Kol gl s [,

CHpaBSIUIMBLIX B CHIIY TEOPEM BIIOXKEHHS Y
paGoTn [4]. Otcioga no Hepasenctsy [ennae-
pa cnenyet yreepxaenue (16) nemmel 4.
Zameuanne 2.. Ananozuunviti nemme 4 pe-
3VALIANT MOJCHO ROAYHUMb HE MOALKO Npeo-
ROAOICEHUEM DOCTAMOYHOU MANOCIIU £, HO U
RDEONOAONCERUEM, HANPUMED, OOCHAMOYHO
BoABUO20 OMPUYAMENILHO20 C,(X).
PaccMOTpHM Janee ceMelicTBO ypaBHeHui
Lu=Lu, (0<7<1), rac BMECTO £ B3ATO &7 .

CueBUIHO, YTO PABHOMEPHO OTHOCHTENBHO T
AMEeT MECTO AJIA BCEro cemeicTBa L u anpH-

opHas OLeHKa hemMbl 4. C Apyrol CTODOHB,
npu 7 =0, To ecTh B JUHEHHOM Cyvae, pas-
pelIMMOCTs Hawel kpaesol 3anaum 4 poxasa-
Ha B teopeme 1. Toraa va oCHOBAHUM XOPOLIO
M3BECTHOTO METOAa NPOAOJIKEHHA Mo Mapa-
METPY JIErKO OKA3BiBACTCH M Pas’peiuMocTh
kpaesoH 3agaun D B npoctpancTee H (D), 1o
€CTb CIPaBCANINBA CAEAYIOLIAR TEOPEMA,
Teopema 3. [Tpu evinonnenuu ycrogui (4)-
(7) 6 cayvasx k|, >0 wm k|, =0, npu oo-

ROAHUMEALHOM yeaosu, ymo
(2e, + K, Xx,y)>0 6 D ons niobott ghynxyuu
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fle.yye L{D) cywecmeyem RoayCcuibHoe

55 pewenue xpaesoti 3adavu D us npocmparcm-

ea H,(D) [8].
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