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T.B. Bypsarosa
Pocens, Vnan-Yins, bypsteknit rocyxapcTBeHHLIA YHEBEpCUTET

HexoTopsie 320244 TeopHd rpagos B cucreme “Mathematica™

B patnoli pabore paccmaTprBacTCA NpUMEHEHHE KOMITLIOTEPsOH cHcTeMs! «Mathematica» npy pewenuu
KOMOMHATOpPHLIX 3afa% 1WKOABHOM MaTeMaTukH. BHelapenue 3TONM METOAHKH B [MKOJLHBIA KYPC 3HAYHTENBHO
MORLINACT IPHEKTUBHOCTE OGYHEHUS DELICHIIO CAMKHBIX H TPYAOEMKEHX 33824 KOMGHRATOPUKH,

#

T.V. Burzalova

Some tasks of graph theory in system " Mathematica "

In the given work is considered application of computer system " Mathematica " at the decision of combinatory
tasks of school mathematics. introduction of this technique in a school rate considerably raises a learning efficiency
to the decision of difficult and toilful rasks of graph theory.

H3ydenue sneMeHTOB TeOpPHH TPadOoB B ILKONEC MPEACTABASCTCH LENecoOOpasHbIM [0
HECKONIbKMM DNpuuMHaM. [lIpexae Bcero, Teopus rpadob gBasercs BawHOH 00nacThO
COBPEMEHHOM MATeMAaTHKH, MMEIoNiel LIMPOKoe NpaKkTHYecKoe mpumeneHMe. B macrosmee
BpeMA Takue OUCHUILIMHBL, Kax ¢M3UKa, XHMHS, JKOHOMHKA, HCCISIOBAHME OTEpaLii,
COLIMONIOTHS, 4 TAKXKe MHOTHE Apyrue, HMEIlNUe BaXKHOEe NPHKIATHOC 3HAYCHHE, IIUPOKO
UCIIOJIB3YYOT METOHBl JAMCKPeTHOH MaTeMaTHKH M NOJy4CHHbe B Hell pe3ynbTars. ITH
pe3yJIbTATHl O¥eHB BAKHBI, HANPHMED, NPH pa3paloTKe Pa3NIUYHBIX TEXHUYECKHUX YCTPOHCTBR C
IUCKPETHBIM MPUHLIUIIOM ACHCTBUA, MOCTPOCHNS MAUIHHHBIX AJTOPUTMOB, B IUTAHUPOBAHNE ©
pamaosnexTpoHuke. Kpome Toro, paccMaTpRBaemblii Matepdan ABISETCS HATISIHEIM,
oTIMYaeTcs OOraThiM, HO B TO XK€ BpEMs BIOJHE HOCTYIHBIM [Uif MOHUMAHHS Y4allHXCH
MaTeMaTHYeCKUM annapaToM. CTOPOHHHKH BKIHOUEHHH B CHCTEMATHUYECKMH KYPC MAaTCMaTHKH
TEOpUH TpadoB U ee mpuaokenuli {1,2] oOpamafoT BHMMAHHE HA JIOCTYHHOCTb, HArIAXHOCTD,
H, YT0 HEMaNOBAKHO, LIMPOKOE [PHMEHEHUE TEOPUH TpaoB K pPEIIEeHHID 3a1ad
(apaMEeTHYECKUX, JIOTHUECKMX, KOMOBUATOPHBIX 3371a4 HA CpaBHEHHE YHCHa SNIEMEHTOB
MHOECTB).

B muckperHod MaTemaTHKe ocof0e  MECTO  3aHWMANOT  337auM, CBf3aHHBE C
YOOPSIOUHBAHEEM TEX HIM HHBIX OOBLEKTOB W MOCTPOSHHEM CJOKHBIX KOHCTPYKUMH MyTeM
«PABMIIBHOTO» COCMHEHMS OTACIbHBIX O3TIEMEHTOB, 4 TAKXKe 3a8avd, B KOTOPBIX H3Y4aloTcs
OTHOIICHHA MEXAY PAsTUUHOro poia oObekTaMH. JTO 3aAavH, pelleHHE KOTOPBIX CBOJHTCA K
NONCKY FAMMIGTOHOBA MY TH WM KpaTyaiiiero nyty Ha rpadax.

[IpuBefieM petileHne HECKOJNBKAX TAKUX 33124 ¢ HCIOJIH30BAHHEM KOMIBIOTEPHOH CHCTEMBI

“Mathematica”. CrawmaptHeli maker pacunpesus <<DiscreteMath'Combinatorica™ 3710#
KOMILIOTEpHOH CcuMCTeMBl ofnazaet OorarelmuM HaOOpOM BCTPOSHHBIX (QYHKIHHA Teopuw
rpagoB U KoMGrHATOPHKH (oxom0 450). OH comepxuT GYHKUNH LTS KOHCTPYHPOBaHHA rpados
M JpYrUX KOMOMHATOPHEIX OOBEKTOB, BBIYMCIAET HX WHBApHAHTH U, HAKOHEL, MO3BOJACT
CO31aTh UX I'PaUYECKYI0 BU3YaJIH3ALHIO.
3adaua. Tpu peBHUBBIX MYXKa U HX JXKCHEI JONKHLI MepenpaBuThLea yepes pexy. Mmeercs Tonbko
OIMH MATEHBKHH GOT, KOTOPBIH MOXET BEIAEPKATH OHOBPEMEHHO TOJIBKO ABOMX ycnosek. Kak
MOTYT MEPENpaBUTLCA BCE IHECTEPO, €CIM HHUKAKOH MyX< HE OCTaBHT JKEHY B LIPHCYTCTBHH
ApYTHX My»4nH? _
Pewenue. TlycTh HyXHO Tepenpagutbest ¢ fieBoro Oepera ma mpagelit Geper. Chopmupyem
MHOKECTBO | BceX BO3MOXHBIX coueTawdfi monell wa neBoM Oepery, NpHYeM B KaXI0M
COUETAHNY (TOCHEIHMIM CHMBOJ b O3HauaeT HaNngue 60Ta y TPYyNIIbt OCTABIIMXCA, @ CHMBON O —
OTCYTCTBHE TaKOBOTO. '
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2= 1= {{ml, m2, w3, vl, v2, v3, b}, {ml, m2, m3, vl, b), {ml, m2, m3, v2, b}, {ml, m2, m3, v3, b),

{ml, m2, vi, v2, b}, {ml, m3, vl, v3, b}, {x2, m3, v2, v3, b}, {mt, m2, m3, v2, b},

{ml, m2, m3, v3, b}, {ml, m2, m3, v2, v3, b}, {ml, m2, m3, vl, v3, b}, {ml, m2, m3, v1, v2, b},

{ml, v1, b}, (=2, v2, b}, (m3, v3, b}, {vi, v2, ¥3, b}, (vi, v2, b}, (vi, ¥v3, b}, (v2, v3, b},

(ml, W2, m3, ¥l, o}, (ml, m2, m3, v2, o}, {ml, m2, m3, ¥v3, o}, {ml, m2, v1, v2, o},

(ml, m3, v1, v3, 0}, (o2, m3, v2, v3, 0], {ml, m2, m3, v2, o}, (ml, m2, m3, v3, o}, {ml, w2, w3, o},

{ml, vl, o}, (m2, v2, o}, {m3, v3, 0}, {vl, v2, o}; {vi, v3, o}, (v2, ¥v3, 0}, {vl, o}, [V2, ), {¥3, o}, {O});
ITOT CHUCOK COREPIKUT 38 MEeMEHTOB.

In3.= Length[1]

ouj3= 38
IMocrpoum GunapHOe OTHOIDEHNE HA MHOXECTBE |
Indj:= ke =
Mochsle((t = Complement[#1, §2]},
Length[§2) - Iengthi#1) = 1 &6 Lasti#l) =1= Last[#2) §6Tast{#1) = o && Length[#2] =1 7 &4
Iength|Complement (#2, #1]] == 2 || Length(#2) - Length(#1) = 2 §& Last(#1) == Llast[#2) §&
Last[#1] = o6& Length{#2] =!= 7 && Length[Complement{#2, #1]] = 3 ||

{length{#1] - Length{#2] = 2 §& Last[§1] =!= Last{#2] && Length(Complement{#1, #2)] = 34&last(#l] = b} &
[locTponmM rpad ¢ BepilHHAMH B TOYKaX MHOXKECTBa |, NpHYeM ABe BepPINMHBI CBA3aHB pedpoM,
€C/TH OHY YAOBJETBOPSAIOT OTHOIICHHIO Kr:
5= ShowlLabeledGraph[g = MakeGraph[l, kr], EdgeDirection -» True}

22J ! L IL '-;".
e [uldig K ;
- 44 el f T JAl ;
2 A B PR i3
5P e e ¥
269, 62’8‘29 '30!1

PaccmoTpuM KpaTqafimnii 1yTs W3 neppoit BEPLIMHBL B TPHALIATE BOCEMYIO!
irf5]= ShortastPath(g, 1, 38]
oul= (1, 21, 10, 28, 2, 29, 5, 32, 16, 35, 13, 38)
PaccMoTpHM HCXOOHBIC METKH COOTBETCTBYIOIIMX BEPHIHH, HMEHHO OHM I[TOKa3BIBAKOT HCKOMOE
peLIEHHE 3a0a4N;
(7= Map[l[{#]1] & ShortestPath(g, 1, 38]]
o= {({ml, m2, m3, v1, v2, v3, b}, {ml, m2, m3, v2, ¢}, (ml, m2, m3, v2, ¥3, b}, {ml, m2, w3, o},
imi, m2, m3, vl, b}, (ml, v, o}, (ml, m2, v1, v2, b}, {vl, v2, o}, (vl, v2, ¥v3, b}, (v], o}, [ml, vl, b}, {O}}
Beifennm kparqaidiunid nyTh OT AEPBOH A0 THIALATE BOCHhMOH BEPLIMHBL:
gl = ShowLabeledGraph{Highlight{g, {Partition[ShortestPath(g, 1, 38], 2, 1]}]]
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Yayqumm proxenHe rpaga ¢ moMolpio BerpoenHoit ¢ynkinu RankedEmbedding:
Ifg= ShowGraph| RankedEnbedding{g, {1}], EdgeDirection -» True]

Boinenum raMunLTOMOB LUK .
1= ShowGraph[ Highlight[ RankedEmbedding{g, (1)], (Partition{ShortestPath{g, 1, 38), 2, 1)}1]

3aoaua. TpeGyeTcs NepeYUCIHTL BCe NEPeCTAHOBKH MHoxecTBa {1,2,....n} B TakoM mopsike,
yrobbl Kaxkgas NOCHERYIOIas mOepecTAHOBKA OTNHYaNach OT IIPeAblayileill poBHO OJHOMN
TPasCHO3HUUEH.

Pewseriue, [JoCTATOYHO CBECTH 32Ja4y K HAXOKISHUIO TAMHIbTOHOBA I1yTH Ha rpade.

Ha MHOKeCTBE BCEX MEPecTaHOBOK OHpeaciiM OUHapHoe OTHomeHue P: jBe fepecTaHOBKH
HAXOOsTCA B OTHOMICHWW P, ecnu ouM OTMMHAKOTCs APYr OT JApyra  pOBHO OIHOM
Tpancno3vuued. Kak n3BectHo, OuHapHOE OTHOILICHHE MOKHO NpPe/ICTaBUTh rpadoM, BepHIHHEI
KOTOPOTG  COOTRETCTRYIOT HIGMEHTAM MHOKECTRA, W 1BE BepIUMHEl CMEXHBL, €CiTH OHM
HAXOMATCA B JAHHOM OTHOILIEHHH. \
3ameTdM, YTO ABE MEPECTAHOBKH HAXOAATCA B OTHOLICHMM P, eCiM OHH OTIMYAlOTCH Kak
YHOPSMOYCHHBIE MHOKECTBA POBHO B ABYX ro3nuuax. Ciaeayrowman PyHkus onpeaenser P:
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inN25= P= (P=#1; q=4#2; k= 0; Do[I£{p[{i]] =q([1)], , k=k+1], {i, 1, Length[#1}}};
If[k==2, frue, False]) &;

Myt onpenenunu GyHknuo P OoT  OBYX apryMEHTOB, 34eck p=#1 —nepmas NnepecTaHoOBKa,
q=#2- BTOpas MEpPecTaHOBKa, nanee B umkne Dof] moncunThiBaem  Koauuectso k
HECORMAZAIOLINX NO3HIMH B 3THX NepecTadoBkax. PyHKIHA Bo3Bpaluaet True, ecian k=2.
PaccmoTpuM npHMep IS [epecTaHOBOK JUIHHBI 4.

I27= g = MakeGraph[Permutations[4], P, Type - Undirected]

Oudf27p= -Graph:<72, 24, Undirected»
JInst HarasAHOCTH TIOCTPOHM DAHKHPOBAHHOE BIOKEHME BCPIUMH 3TOro rpada OTHOCHTENBHO
NEpBOH BEPINUHbI:

In28)= ShowGraph[ RankedExbedding(g, (1}]1]

ECIH MBI XOTHM OIIPERCHHTS HEPECTAHORKY, COOTBETCTRYIOMYIO Kax a0l Bepmmnne rpada g , o
npocTaroyHo B Tene Tpada ycranouth onuuio  VertexLabel->True, Ho MeTkM CHIIBHO
3arpOMOXIAIOT PHCYHOK.

IN29= h = MakeGraph{Permutations[4], P, Type » Undirected, VertexLabel - True} ;

ShowGraph [ RankedEnbedding{h, {1}1]
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TipoBepuM, sBsnseTes v rpad g raMATLTOHOBLIM:
n(30= HamiltonianCycle[g]
ou¥= (1, 2, 4, 3, 5, 6, 12, 7, 8, 10, 9, 11, 17, 14, 13, 15, 16, 18, 24, 19, 20, 23, 21, 22, 1}
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BriaenuM 3TOT raMHABTOHOB LMK B Tpade:
731 ShowGraph] RankedEmbedding] Highlight[g, {Partition{HamiltonianCyclelg], 2, 11:], {1}]]

[Ipoiiag no BepuiMHAM 3TOTO PAMH/IBTOHOBA LIMKIA, MOMYYHM BCE MEPECTAHOBKM pasmepa 4,
NPHYEM NEO0BIE TBE CMEKHBIE TICPECTAHOBKY OTAMYAIOTCS POBHO OMHOR TpaHCTIO3HUHHEH,
Inf32;= GetVertexlabels(h, HamiltonianCycle([h]]

ou3y= (1234, 1243, 1342, 1324, 1423, 1432, 2431, 2134, 2143, 2341, 2314,

2413, 3412, 3142, 3124, 3214, 3241, 3421, 4321, 4123, 4132, 4312, 4213, 4231, 1234)
[TocrponM paccToaHHs B rpade oT NepBOil BEPLIUHEEL
In[34):= RankGraph[g, {1}]

out(3d= {1, 2,2,3,3,2,2,3 3,4,4, 3, 3, 4,2,3,3, 4,4, 3, 3,2, 4, 3}
PaCCMOTpHM paclpcieiIeHyc paCCTOHHHﬁ:
in{35.= Distribution{RankGraph(g, {1}1}

o= (1, 6, 11, 6}

O7ci00a CASAYET, YTO WECTh NEPECTAHOBOK MOXHO TONYYUTE U3 TOXIECTBEHHOMN 11€pecTaHOBKY
O,HHOﬁ TpaHCHO3HHHCﬁ, ONHHHanaTsL HepeCTaHOBOK - )],ByMﬂ TpaHCHO3HLlI'IﬂMH H UIECTh —
TpeMﬂ TpaHCHO3HlIHﬂMH.

To ke camoe MOKHO BEIYHCITATE C NOMOIHBED YHL]IA CTHpJ’EHHF a [ICPBOTO poaa:

%)= Table[StirlingFirst{4, i], {i, 4, 1, ~1}}

o3l {1, 6, 11, §) .
B npenpiaylueit 3agaye NEPeCTaHOBKH NEPEUUCIAACE B NOPSAAKE MEHRMANBHOTO OTIHUHS APy
ot apyra. [loctasin oOpaTHYIO 3aayvy:
Tpebyetca nepebpats BCe NMepecTaHOBKU MHOXecTBa {1,2,....,n} B TakoM nopsike, 4ToObI
Ka3Kaas OCAEAYIONIan [IEPECTAHOBKA OTAHYAIACk OT NPEAbLIYLIEH BO BCEX ITOZHLMAX.
M3BeCTHO, 4TO TIEPECTAHOBKW 7| M Mz OTIAHYAIOTCH APYD OT Apyra BO BCEX NOBULMAX, €C/H
NPOH3IBERACHUE (Jr;)"x:ﬂrg €CTH NEPeCcTAHOBKA He3 HEMOABHXHEIX TOYEK.
TToctponm OyseBy GyHKUHI U Tpad, BEPUHHAMH KOTOPOro AB/AKTCA NMEPECTaHOBKH pasMepa
4, a ABC BEPUIMHB! CMCH(Hb], CCOH COOTBETCTBYIOIUME MM HEPECTAHOBKH OTJIMYAIOTCH BO BCEX
NO3HIHAX:
3= d = DerangementQ{ Permute| InversePermitation[#1), #21] &;

dgraph = MakeGraph(Permitations{4], d, Type » Undirected, VertexLabel - True)

Quif40= -Graph:<108, 24, Undirecteds--
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Y106b1 METKH TIEPECTAHOBOK CHIBHO HE 3aTPOMOKAANA PUCYHOK, YCTAHOBHM OIIHU METOK:
Inf4}:= h = SetGraphOptions{dgraph, (1, 8, 10, 11, 14, 17, 18, 19, 23, 24, VertexLabelPosition- Upperlst

Ouj4t= -Graph:<108, 24, Undirected--
Inf42]:= ShowGraph[ RankedBmbedding(h, {1}]]

[posepuM, 6yneT 11 3TOT rpad raMINETOHOBEIM:

inf43;= HamiltonianQih]

Ou43]= True

Brizennm raMineTOHOB LUK B rpade h:

Injd4:= 1 = HamiltenianCycle|dgraph]

Ouf44= {1, 8, 3, 11, 4, 7, 2, 9, 5, 10, &, 13, 12, 19, 15, 20, 16, 23, 18, 21, 14, 22, 17, 24, 1}

inf45):= ShowGraph[ RankedEmbedding[ Highlight(h, {Partition([HamiltonianCycle([h), 2, 1111, {1}])
4231

[ 4213
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UTobrl mocrenoBaTensHOCTL REPHIHE ¥ pefep B TaMuNLTOHOROM TurNe Oriva smmo
BBIICACHA, Jydire BBIXCAUTL (AMHILTOHOB KUK auuMauued, Jna 3roro  BhlAeanm
NOCIEAOBATENBHOCTD BEPIUMH M pedep raMUnbTOHOBA LIMKIIA:

tdsy= o= (1, (2,8}, 8,(8,31,3, (3,13}, 11, (11, 4}, 4, ¢4, 75, 7. 7. 2}, 2, (2, 9,9, {9, 5,5, {5, 1C},

10, {10, 6§, 6, (6, 13}, 13, {13, 12y, 12, {12, 1%, 19, {19, 15}, 15, (15, 20}, 20, {20, 16}, 16,
{16, 23y, 23, {23, 18}, 18, (18, 21}, 21, (21, 14}, 14, {14, 22}, 22, {22, 17}, 17, (17, 24}, 24, (24, 1}};
¢

3714 KOMaH/1a B IRHAMHKE [IOKAKET (POXOMACHHS BEPINHH HUKIIA!

in47= AnimateGraph( RankedEwbedding(h, {1}1, s]

J{Bax bl KTHKHYB IO 3TOMY DHCYHKY, MOXHO YBHIETh NPOXOKACHUE O BCEM BEPIIMHAM U
pefpaM raMHABTOHOBA IHKTA!

r{48]= GetVertexlabels(h, HamiltonianCyclefh] ]

Qus= {1234, 2143, 1324, 2413, 1342, 2134, 1243, 2314, 1423, 2341, 1432,
3124, 2431, 4123, 3214, 4132, 3241, 4312, 3421, 4213, 3142, 4231, 3412, 4321, 1234)

DTy 2aady MOXKHO PEUIHTH C IOMOIIBI0 OUHAPHOTO OTHOWECHAS (Q:

W= Q= (p=#1; q=#2; k=0; Do{If[p[[3]) =t=ql[i]], , k=k+1], {i, 1, length[§1]}]; IE(k > 0, False, True]) &;
Hnu npome:

5= Q= (Coant{#1-#2, 0) = 0) &;
HC;CTPOHM rpady orroweHus Q:

g1} = ShowGraphi
RankedErbedding| SetGraphOptionsig = MakeGraph]Parmutationsid], Q, Type - Undirected, VertexIabel - Truel
(1, 8, 10, 11, 14, 17, 18, 19, 23, 24, VertexlabelPosition » Upperleft)], [1}], PlotRange 0.25]
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123 g 0 2

Brseem BCPIUHHbI FaMWIETOHOBA BHKIIA:

[52= GetVertexLabels{g, HamiltonianCycle{g]]

QuisZl= {1234, 2143, 1324, 2413, 1342, 2134, 1243, 2314, 1423, 2341, 1432,
3124, 2431, 4123, 3214, 4132, 3241, 4312, 3421, 4213, 3142, 4231, 341z, 4321, 1234}
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